ORBITAL STABILITY FOR PERIODIC STANDING WAVES OF THE
KLEIN-GORDON-ZAKHAROV SYSTEM AND THE BEAM EQUATION

SEVDZHAN HAKKAEV, MILENA STANISLAVOVA, AND ATANAS STEFANOV

ABSTRACT. The existence and stability of spatially periodic waves (e™*p,,,) in the Klein-
Gordon-Zakharov (KGZ) system are studied. We show a local existence result for low regularity
initial data. Then, we construct a one-parameter family of periodic dnoidal waves for (KGZ)
system when the period is bigger than v/27w. We show that these waves are stable whenever an
appropriate function satisfies the standard Grillakis-Shatah-Strauss type condition. We compute
the intervals for the parameter w explicitly in terms of L and by taking the limit L — oo we
recover the previously known stability results for the solitary waves in the whole line case.

For the beam equation, we show the existence of spatially periodic standing waves and show
that orbital stability holds if an appropriate functional satisfies Grillakis-Shatah-Strauss type
condition.

1. INTRODUCTION AND MAIN RESULTS

In this paper we will be interested in the stability of standing wave solutions to certain partial
differential equations.

1.1. The Klein-Gordon-Zakharov system. We will consider first the Klein-Gordon-Zakharov
system, which is given (in dimensionless parameters with 0 < ¢ < 1) as

(1) {utt—uxx+u+uvzo, (t,z) e R* xR or (t,z) e R' x [-L, L]

Vit — cgvxx = (|u‘2)xa:

The Klein-Gordon-Zakharov system describes the interaction of a Langmuir wave and an ion
sound wave in plasma. In our notations u is the fast scale component of the electric field,
whereas v denotes the deviation of ion density, [19, 3]. Regarding the well-posedness theory, a
lot of progress has been made in the last fifteen years. The first local well-posedness result seem
to go back to Ginibre-Tsutsumi-Velo, [7] and Ozawa-Tsutaya-Tsutsumi, [17]. Since the solutions
produced by [7] were constructed via a fixed point method in a Strichartz type space, they were
only conditionally unique. In an interesting paper, Masmoudi and Nakanishi, [14] showed that
under some extra smoothness assumptions, the solutions are also unconditionally unique (i.e.
unique when considered in some large energy space). Interesting developments came about in
the late nineties regarding global existence of solutions of (1). It turns out that the conservation
laws associated with (1) (and its higher dimensional analogues) are good enough to only control
small solutions, which were promptly shown to exist globally, [17], [18]. Note that here different
propagation speeds and (high) dimension contributed to the success of these approaches.
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On the other hand, we have the following general theorem regarding local well-posedness of
(1). Note that our interest is mainly in the periodic case, so we need a proper local well-posedness
result for the periodic KGZ system, (1).

Theorem 1. Let o > 1/2. Then, the Cauchy problem for (1), considered both for » € R! or
in the periodic context 0 < = < 1 is locally well-posed in the space H* x H* ' x H*~ 1 x H*2,
More precisely, given (u(0),u:(0)) € H* x H*™1, (v(0),v4(0)) € H*™' x HY 2, there exists
a time T, depending only on the norms in the respective spaces, so that there exists a unique
solution u(t) € C([0,T], H*),u; € C([0,T], H* 1), v(t) € C([0,T], H*'),v; € C([0,T], H*"2).
Moreover, the solution mapping S(t)(u(0),ut(0),v(0),v¢(0)) = (u(t),v(t)) is Lipschitz in the
respective norms.

Next, we discuss standing wave solutions to (1). We will fix in what follows ¢ = 1 in the
second equation for simplicity, noting that the case when ¢ # 1 can be treated similarly. As we
have already mentioned, there have been lots of results in this direction, mostly for the higher
dimensional case. To be more precise, we are considering solutions of (1) in the form

(2) u(tvx) = eiwtww(x)v U(ta Z‘) = Wﬂ?),

where ¢(z) and ¥ (x) are either real-valued periodic functions with fixed fundamental period L
or vanishing at infinity functions (in the whole line context). Substituting (2) in (1) leads to the
System

—wpu () — ¢ () + pu(@) + Pu(@)() =0

- (z) = (‘P?u)m

In the whole line scenario, this implies 1) = —?2 and consequently, the first equation becomes
the standard second order ODE

3)

—¢"+ (1 —w)p—¢* =0,

which is known to have unique (up to translation) sech solution, whenever w € (—1,1). In fact,
these are explicitly found® in the work of Chen, [1] as follows

(4) pu(r) =201 —w?)sech(zv1 — w?)
Yu(z) = —2(1 —w?)sech?(xv1 — w?)

Similar results hold in higher dimensions. That is one can produce a unique radial ¢,,, which is
radially decreasing?, so that (e'“!p,,, —¢2) is a solution of (1), whenever w € (—1,1).

For these particular solutions, Gan, [4], Gan-Zhang, [6] and subsequently Ohta-Todorova, [16]
have shown very strong instability results. Namely, in dimensions n = 2,3 and for ¢ # 1,
w € (—1,1), there are solutions that start very close to the standing wave (e"!p,,, —?2,), which
either blow up in finite time or else lim;_, ||(u(t),v(t))|| = co. These results should of course be
contrasted with the “global regularity for small data” results in [17, 18], that we have alluded to
earlier.

Our interest is in the orbital stability of standing waves in the one-dimensional periodic case.
Before we continue with the existence results (which are slightly more delicate in the periodic
case, due to the fact that there is one more integration constant in the second equation), let us
give the following

Lfor the case ¢ = 1, the general case could be treated in a similar way
2for which there is no explicit formulas available, when n > 2
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Definition 1. A standing wave solution for (1), of the form (e p(x),(x)), is said to be orbitally
stable in HY(RY) x L2(R1Y), if for any e > 0, there exists § > 0 such that if (uo, po, vo,n0) € X =
H' x L? x L? x L? satisfies ||(uo, po,vo, no) — (0, iwep,1,0)||x < &, then the solution to (1) with
initial data u(x,0) = ug, ur(z,0) = po, v(0,x) = P, v:(x,0) = no satisfies

inf V) — i0 jiwt . (- < €.
P oAl [(u,v) = (€™ (- + 1), (- + YRy xr2®1) < €

Let us discuss the relation between our local well-posedness result, Theorem 1 and the re-
quirements of the orbital stability put forward in Definition 1. We argue that Theorem 1 is
more than adequate to handle the situation at hand. Indeed, taking @« = 1, we have estab-
lished that the data-to-solution map (u(0),u¢(0);v(0),v:(0)) — (u,ut;v,ve) is continuous from
H' x L? x L? x H™! into C([0,T],H' x L? x L? x H~'). 1In other words, if initial data
(u(0),u4(0);v(0),v4(0)) is taken in H' x L? x L? x L? ¢ H' x L? x L? x H™', it will pro-
duce a local solution, which will be in® C'([0,T), H' x L? x L? x H~'). In particular, we conclude
that the mapping (u(0), u:(0);v(0),v:(0)) — (u(t),v(t)), from H! x L? x L? x L? to H' x L? is
continuous and the Definition 1 makes perfect sense, at least for the short time guaranteed by
Theorem 1.

The question for orbital stability of the waves described in (4) was addressed by Chen, [1]. He

S

proved orbital stability for (e®*tp,,,¥y,), provided 1 > |w| > 72
We collect our existence results in the following

Proposition 1. Let L > /2x be fized. Then, for every w € (0,1), there is a smooth dnoidal
periodic standing wave solution of (3), (e“'p,,1,) € H*®[0, L] x H*®[0, L], where @, is described
in (20) and (21) and v, = —¢2.

The next result, which is the main result of this work, describes the orbital stability of the

spatially periodic standing waves in Proposition 1.

Theorem 2. Let L > /27 be a given period. Then, there is orbital stability for all w satisfying
the inequality

G(ko(L 2m2
(5) ,/—Wﬂwlq/l—ﬂ

where
F(r) = [2(2 — k) E*(r) — 2(1 — k) E(R)K (k) — (2 — £*)(1 — k%) K?(k)]
G(k) =2(1 — KA E(k)K (k) — (2 — kK*)E? (k)

where E(k), K (k) are the standard elliptic functions (see Section 3 for definitions and notations),
ko(L) is the inverse function to the increasing function

2vV2 — k2K
TR
)

Remarks:

(1) We establish in Section 3 below, that for L < /5, the solution set of the inequalities (5)

is empty. More precisely, the inverse function ko(L) is defined only in (v/57, c0), because

the range of k — 272_"“2(()”) is (v/5m, 00).
1+ 75

F(r)

3here7 the last component v; will be continuous only in the very weak H ™! sense, but note that this component
is not needed in Definition 1



4 SEVDZHAN HAKKAEV, MILENA STANISLAVOVA, AND ATANAS STEFANOV

(2) For every L > /57, the inequality (5) has a whole interval of solutions.
(3) One can obtain Chen’s result, [1] for orbital stability of the waves (4). Namely, since

. . G(ko(L)) 1
1 L)y=1,1 —— = —
dm mo(L) =1, im o /=2 T = 5
which combined with (5) yields the range |w| > % We discuss the details in Section 3.
(4) Our argument does not establish instability for the waves, in the complementary range
G(ko(L
‘w| < |- (’%O( )) )
F(ro(L))

This is due to the fact that the Grillakis-Shatah-Strauss theory fails, when the skew-
symmetric part of the linearization J is not onto, see Section 2.1 for details.

1.2. The beam equation. In this paper we would like to discuss also the standing wave solutions
of the so-called beam equation,

(6) ugy + A%u+u—uflu=0, (t,z)eR' xR%or (t,z) e R! x [-L, L]¢,

where p > 1, L > 0 and we either require periodic boundary conditions (in the case x € [—L, L])
or vanishing at infinity for z € R?. This equation goes back to a work of McKenna and Walter,
[15], where it was proposed as a model for suspension bridges. One can still consider the standing

wave ansatz u(t, z) = e“!p,(x) in (6), whence we get the following ODE for the real function ¢

(7) Ao+ (1-w)p —[plPtp = 0.
Note that we do not expect positivity of the solution ¢, due to the fact that the bilaplacian A?
does not obey the maximum principle. Smooth and rapidly decaying solutions to (7) were shown
to exists in the whole line case by Levandosky, [12], provided w € (—1,1). In fact, it is easy
to see by scaling arguments that one can construct solutions of (7) by taking the solution ¢y,
1

corresponding to w = 0 and setting ¢, = (1 — w?)PTo((1 — wQ)ix).

Based on that, Levandosky has concluded (see Section 7, [12]), using the Grillakis-Shatah-
Strauss theory, that these waves are orbitally unstable for p > 9, while for p < 9, there is orbital

stability for 1 > |w| > 2(;:71 ) and orbital instability for 0 < lw| < 2(;:71 ),

In this paper, we will consider the orbital stability of spatially periodic standing waves of (6).
Our first result concerns the existence of such waves.

Proposition 2. Letw € (=1,1), L>0and 1 <p < % — 1, if p > 5. Then, the equation (7),
considered in [—L,L]d, with periodic boundary conditions has a smooth solution .

Let us explicitly mention here that the solution/s ¢ in Proposition 2 are produced as a conse-
quence of constrained minimization method and thus, they may not be unique. More precisely,
solutions of (7) are constructed via the following

I,(u) = / (JAu(x)|? + (1 — w?)|u(z)|?)dz — min
[_LvL]d
subject to R(u) = / lulPTdr =1
[_LvL]d
where w € (—1,1). Note that recent numerical simulations in [2], performed directly on the

constrained minimization problem, suggest that there are a local minimizers, which are still
solutions to (7).
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Next, we direct our attention to a criteria for stability of the solutions produced in Proposition
2. Note that due to the possible non-uniqueness?, we can only talk about orbital stability of the
set of all ground states, rather than orbital stability of a single ground state.

We need to introduce a few notations, before we can state the main result, which ties the
stability of such waves to the convexity of a functional d(w). Let v = u; and u = (u,v). Introduce
the functionals

1

1 1 1
Pw) = [ GlauP+ ZloP + Slul® - Sl )da

—
Q(u) = Im/uvd:n

Then, introduce the function
(8) d(w) = P(p) — wQ(p).
We have the following

Theorem 3. Let w, L, p satisfy the requirements of Proposition 2. Then, the set of ground state
solutions is orbitally stable, if d”’(w) > 0.

2. LOCAL WELL-POSEDNESS FOR THE KGZ SYSTEM: PROOF OF THEOREM 1

In this section, we give some standard preliminary results, after which, we present the Proof
of Theorem 1.

2.1. Preliminaries. The Fourier transform of a smooth and decaying function on R' and its
inverse are given by

o= [ swerta

fo = [ e,

For the periodic case, for f € L?[0,1], the corresponding formulas are given by
1
an, = / f(l,)ef%mnxdx
0
o

f(l’) _ Z an€27rin:v

n=—oo

It is convenient to introduce® the following operators for s € R', namely for Schwartz functions
on RY, [V[5£(€) == [€]5f(€) and (V)sf(€) := (1 + |¢[*)¥/2f(€). For the periodic case, we take

(V)2 f(z) =32, an(n)®e?™ne.
Next, let T be a smooth and even function, so that Y(§) = 1,[¢| < 1/2,T(§) = 0,[¢| > 1. Let
V(E) = T(£/2) — T(€), so that suppx C {1/2 < [¢] < 2} and T(§) + S5 x(275€) = 1 for all

§# 0.

This of course is a partition of unity, whence we could define the Littlewood-Paley “projections”
Ppf(€) = x(27%€) f(€), P<if(€) = T(27€) f(€) and P<o + Y32, Py = Id.

4Note that the numerics in [2] suggest other local minimizers, but a single global minimizers
Swhenever it makes sense



6 SEVDZHAN HAKKAEV, MILENA STANISLAVOVA, AND ATANAS STEFANOV

For the periodic case, we take

Pkf Z anX 2 TL) 2minT
P<kf Z an 2 n 27nnx
n<2k

In both the periodic and non—periodic cases, it is easy to see that
fi = Ppf(x) = [0 X() f(x+ 277¢)dE, whence

1Pl r—re < [Xll2ts |1 P<kllo—re < [Tl 1< p < oo

A basic property that is an immediate corollary of the boundedness of Py, P<j, is
IV Pefllzr ~ 21 fllzos IIVI Perllzr S 2| Pegfllzn 1 < p < o

The following fundamental property of the Littlewood-Paley operators will be useful in the
sequel. Namely, letting [ > 3, we have

9) P<_s3[fai] = P<i—3[fi—2<-<1+291]

We now define the Sobolev spaces W*", s € R!,1 < r < oo, via the norm ||f|[wsr =
1{V)*fllLr. Using Littlewood-Paley operators, one can write an equivalent norm in the form

~ 1/2
| fllwsr ~ [l f<oller + (Z 22ks!fk|2> , 1<r<oo.
k=1 I
The particular case r = 2 is important and it is denoted by H® := W*2. We are now ready

to state the Sobolev embedding theorem and the related Bernstein inequalities. Namely, for
1 <p<gq<oo,we have (both in the periodic and non-periodic case)

(10) 1Fllzs = Cpall fII,

In the special cases, when g = oo, (10) of course fails, but we still have || f||rc < Cp sl fllwse,
whenever s > ]%. Finally, when we are dealing with Littlewood-Paley localized functions and for
all 1 <p < g < oo, we have the Bernstein inequality,

(11) | fellze + [ F<rllze <2072 |-

We will often use the following Besov space By 5, whose norm may be introduced as

00 1/2
1fllB;, =l f<ollzr + (Z 22k5||fk\|%> :
k=1

Note that by the triangle inequality, for » > 2, || f|lwsr < C||f||s,. We also need to use the
mixed Lebesgue spaces L{W;"", which are defined via the norm || f|[Laysr = [[[[fllwer |l Lo

1_1,
Wpr q

2.2. Energy estimates. We have the following standard energy estimates

Lemma 1. Let ¢ satisfy the linear inhomogeneous Klein-Gordon equation, while ¢ satisfies the
wave equation, i.e.

Vit — Yy + = F
¢tt_¢zx:G



ORBITAL STABILITY FOR KLEIN-GORDON-ZAKHAROV AND BEAM PERIODIC WAVES 7

where x € RY or z € [0,1]. For any a € R, we have the following estimates
(12) M@l zgep,rme + 105 @) | Lge o, a1 S N1 (O0) e + 196(0) [ a1 + [1Fll 1110 7o
(13) oMLz ryme + 10Ol L=t ryza— S 60 lrg + 1860 | a1 + VI Gl Ly o170

2.3. Proof of Theorem 1. We now study the local well-posedness issue for (1). Our method will
consists of showing the existence of a fixed point argument in the space (u,us;v,v) € Xp X Yo,
where X = C([0,T], H* x H* 1) and Y = C([0,T], H*~! x H*=2). More precisely, for (1), we
consider left-hand sides of the form F(u,v) = —uv, G(u,v) = G(u) = 0z (|ul?). We thus have
by (12) and (13)

Jullx < 1u(0), ue (0)|| oo pra—1 + [|1F'(w, )| 1 gra—s
llly S 10(0), ve(0) | a1 x a2 + VI T G (w) | £ pras

Note that since | F||ga-1 = ||uv| ga—1 and |||V|71G(u)||ga-1 < C|luii| ge, the fixed point argu-
ment will give a time 7" > 0 and the existence of a unique (in X x Y') solution (u,v), provided
we can verify the following estimates for av > 1/2,

(14) [wvllgra—r < Cllullgallv]| ga—s
(15) [wvllzre < Cllullga]lv] ge

Note that we need to establish these two estimates both in the periodic and non-periodic context.
The inequality (15) is equivalent to the well-known fact that H* o > % is a Banach algebra,
both in the periodic and non-periodic context. Thus, we concentrate on the proof of (14), which
is not difficult either. In fact, a version of it, on the circle appears as Lemma 4, [10], which is
why we will only pursue its proof on the line.
By splitting in high and low frequencies, it will suffice to show that for all £ > 1 and a > 1/2,

(16) [(wv)<ollz2 < Cllull e [0 gt
(17) > 22K P u] (72 < CllullFre ol s
k=1

2.3.1. Proof of (16). Write P<g[uv] = P<o[uv<3s] + P<gluvs3]. For the first term, the estimate is
rather direct, since®)

[ P<oluv<s]llrz < Clluv<s||pr < Cllullp2lv<sllrz < Cllullge||v] go-r.
Regarding the other term under consideration, we have

oo o
P<oluvss] = ) P<oluv] = Y Peolwi—a<iva - i)
=4 =4

Thus,

(0.) o
IP<ofuvss]llL2 < Y |IP<oltiacive - villlz < C Y [luasiva - il <

=4 =4
oo oo
< O 2 |lw—zisall72) 2D 272 uill72) 2 < Cllullelloll a1,
=4 =4

6In fact, this last estimate holds up for any a > 0.
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where we have applied the Bernstein’s inequality (11) (with & = 0, ¢ = 2, p = 1), H6lder’s inequal-
ity and the fact that —a < a — 1 (whence (372,272 |vy[2,)1/2 < (3552, 22 @Dy ||2,)1/2 <
Cllofl gra-1).

2.3.2. Proof of (17). Write

Piluv] = Pilu veg—3] + Pilu vg_3<.<p+3] + Prlu vspts)

The middle term is easy to handle by

o0 o0

> 220 R Peu vps< <ksalllFe < D 27 ¥ ok _sc gl ullfe < CllvllFras ullFra,
=1 =1

where we have used the Sobolev embedding estimate ||u||g~ < C||u|go.
The first term (or the high-low interaction term) can be dealt with as follows. Observe first
that Pylu veg—3] = Pglug—1<.<k+1 V<k—3]. Thus an application of (11) again yields

o0 e.)
D 22O w1 ccppr versllFa < C D 2% Juy |72 sup 27 Juck 3| F
k=1 k=1 k=1

< Cllull3e sup 2732 |Jogp3]) 3.
k>1

We only need to observe that since —% < a— 1, we have

sup 2/ ooy s 2 S llu<ollzz + sup 27 v 2 < Clfv]| o
k>1 m>1

Finally, the high-high term is handled as follows. Note that
o0

Pilu vsprs]) = Y Piluj1<.<iy1v]. In view of the embedding I' < [? and the Bernstein
l=k+4
estimate (11), we have

00 o0
(2 22 H Pl varsa]lfe) /2 < 30 20K Pl vl <
k=1 k=1

o0 o0
1
SCZ Z 202Ky <p iy 1
k=11=k+4

Interchanging the order of the [ and k summation and taking into account o > % yields the bound

>ors 2(a_%)l|\ul_1§.g+1||Lz llvi||z2. Thus, we continue the estimation by

[e.9] 1 (o.9] oo
S 2@ M e grpllzzllonllze < (3 22w 32) V230 27 ful2) 2
=5 =5 =5

It now remains to observe that since —I < 2(aw — 1)l for [ > 1 and o > %, we have
> 2_l||vl|]%2)1/2 < Cljv||gga-1. The proof of Theorem 1 is complete.

3. ORBITAL STABILITY FOR THE STANDING WAVES OF THE KLEIN-(GORDON-ZAKHAROV
SYSTEM

In this section, we outline the existence results of Proposition 1, after which we present the
proof of Theorem 2.
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3.1. Proof of Proposition 1. Integrating twice the second equation in (3), we obtain
U(z) = —*(x) + c1z + ca.
By the periodicity, it is clear that ¢; = 0. To simplify matters further, we take the other constant

of integration cy = 0, whence ¥ (z) = —¢?(z). Now, ¢(x) satisfies the equation
(18) —¢"(2) + cp(z) — p*(x) =0,
where ¢ = 1 — w? > 0. Multiplication by ¢’ and integrating yields”
a 1
19 12 _ = 2 _ = 4.
(19) pr=g et -5

Hence, the periodic solution is given by the periodic trajectories H (¢, ¢’') = a of the Hamiltonian
vector field dH = 0, where
4
H(z,y)=y*+ % — ca?.
It is well-known that the equation (18) has dnoidal wave solutions given by

(20) Sp(x) = QO((L', 7717772)) = nldn <\T;1§$7 K’) )
where 17 > 12 > 0 are the positive zeros of the polynomial —t* + 2ct? 4 a and

2 2
m—"n
(21) =T R g

m

Since the elliptic function dn has fundamental period 2K, where K = K (k) is the complete
elliptic integral of the first kind, the function ¢ given in (20) has fundamental period

_ 22y

(22) L=L, (K).
m
. _ n2(2—-k?)
By (21), one also obtains ¢ = “-5— and
2v2 — k2K 2
(23) Lo W2oREW) 0y, Ler— Q,oo .
Ve Ve

Lemma 2. For any ¢ > 0 and L € I, there is a constant a = a(c) such that the periodic solution
(20) determined by H(p,¢") = a(c) has period L. The function a(c) is differentiable.

Proof. It is easily seen that the period L is a strictly increasing function of «:

d  (2-rHK'(k) — kK(k)  K'(k)+ E'(k)
%(\/2—1121((/&))— Nopre Y > 0.

Moreover,
oL dLdk 1 dL dk?

da  drida  2kdk da’
Further, we have
d(r?) _d(k*)d(ni) ¢
da d(nf) da  ni(nf—c)
We see that dL(a,c)/da # 0, therefore the implicit function theorem yields the result.

There we select the constant to be 5 for convenience
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3.2. Proof of Theorem 2: Preliminaries. Rewrite (1) as
(

Ut = —p

Pt = —Uge + U+ VU
(24)

Ve = Ny

ne = vz + (Ju]?)s.

System (24) can be written as a Hamiltonian system of the form
d
(25) U0 = V(1)

where U = (u, p,n,v), J is the skew-symmetric linear operator

0 -1 0 O

J =
0 0 0 20,
0 0 20, O
and V is the energy functional given by
1 [F 1 1
V({U) = 2/ (\u;ﬁ + |ul?® + vlul® + |p|® + 51)2 + 2n2> dz.
0

Note, that the system ‘(24) is invariant under the one-parameter group of unitary operator defined
by T'(s)d = (e "*u,e "*p,v,n) and the functional

L
Q) = m [ (i)

is a conserved quantity of the system (24). Denote by ®,, = (¢,0,0, —we, 1, 0), where ¢ is the
dnoidal wave given by (20). By direct computation, we see that ®,, is a critical point of the
functional V 4+ wQ@, that is

(26) V(@) + wQ'(®y) = 0.
Define an operator
(27) Hy (o) = V”((I)w) + ’U)Q”((I))'
By direct computation, we have
(28)
(Hyu, )
B U1 (51 B u9 (%)
— <L1 , > + <L2 , > + %fOL (2¢u1 + us)?dr + %fOL u%dx,
U4q Uy u3 u3
. —02 -3¢0*+1 w . —92 - +1 —w
where L1 = and Ly =

w 1 —w 1
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Lemma 3. (1) The operator Ly = —02 — 3p? + ¢ defined in L2,,[0, L] with domain H2,,.[0, L]

per per
has exactly one negative eigenvalue, which is simple. In addition, zero is a simple eigenvalue.

(2) The operator Ly = —0% — p? +c defined in L2,,[0, L] with domain H2,.[0, L] has no negative

per per
etgenvalues and zero is an eigenvalue which is simple.

Lemma 4. (1) The first three eigenvalues of the operator L are simple and zero is the second
etgenvalue. B
(2) The operator Lo has no negative eigenvalues, zero is the first eigenvalue and it is simple.

To prove (1), consider the quadratic form

L [ N S L
V1(f,f)—<L1 , >—<L1f1,f1>+/ (wfi + f2)*da.
P fo 0

From Lemma 3, there exists A\g < 0 and fy € ng,. [0, L] satisfying Lj fo = Ao fo. Thus by choosing

J1 = foand fo = —wfo, we get that the first eigenvalue Mo of L is negative. If \; denotes the
second eigenvalue of L, then by min-max characterization of eigenvalues, we have

N = : Vi(f, f)
1 = max min —
fi,f2 hilfi,hal fo H HZ
Taking fl = fO and f2 = _wf(:h we get
- \% _; R
A > min 1(f f)

1 = I
h1lf1,hal fo ||f‘|2

From Lemma 3, zero is the second eigenvalue of L1, and the above inequality leads that A1 =0.
Again using min-max characterization of eigenvalues and Lemma 3, we obtain that the third
eigenvalue of L is strictly positive.

To show (2), consider the quadratic form

g1 a1 L
Va(d,9) = (L , ) = (Logr, g1) + / (—wg1 + g2)%de.
g2 g2 0

From Lemma 3 the operator Lo has no negative eigenvalues and zero is the first eigenvalue. The
proof follows from min-max characterization of eigenvalues as above. This finishes off the proof
of the Lemma.

From Lemma 4 we obtain the following:

(1) The operator H,, has exactly one negative eigenvalue, and N-the negative eigenspace of
H,,, is one-dimensional.

(2) For f= (¢',0,0,—wy’,0,0) and § = (0, p, wep,0,0,0), the set Z = {af+ B4} is the kernel
of the operator H,,.

(3) There exists a closed subspace P, such that (H,u, @) > dpl||u||, for all 4 € P.

Therefore, from (1)-(3), we obtain the following orthogonal decomposition of the X

(29) X=NaoZoP.
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3.3. Proof of Theorem 2: Conclusion. We have that N is one-dimensional. The proof of
theorem follows from the abstract stability theorem of Grillakis, Shatah and Strauss, provided
we are able to show that d”(w) > 0, where d(w) = V(@) + wQ(®P,,). From (26) and using that

L 2K (k) K (k)
| e = v [ e = B [T s e = S B,
0 0 0

L L
we have
L
& () = Q(®,) = — /0 wids
and
d'(w) =-LKWER) - PHERBR)ER
(30)

= § (-K(®)B(k) + 2w 5 (K(5) E(r)) &) |
Differentiating (21) and (22) with respect to ¢, we get
de 1 213 — denanl

1 v~ Zi2 TIe?
(31) de 25 (2c—n3)? "’
K (r) — @K' (k)(2c — n3)
2 )= de 2
(3 ) 272 K(H,)
From (31) and (32), we obtain
dx K(k)

(33) de — 2cK'(k) — r(2c — n2) K (k)

2¢(1—k?2) and K/(Ii) _ E(H)—(I—K2)K(I€)7 E/(K:) _ BE(r)-K(k)

Finally for d’(w) using that 73 = =5—3 =t )
obtain
d"(w) _ 8K(k) —2cE(,¢)K/(H)+n(2c—n§)E(R)K(H)_ﬂwz%(K(R)E(H))
(34) L 2cK’ (k)—£K(2c—n3) K (k)
_ 8K(k) G(rk)+w?F (k)
e L c((2_52)E(’§)_2(1—N2)K(1{)) ;
where

F(r) = [2(2 — k) E*(r) — 2(1 — k) E(r)K (k) — (2 — £*)(1 — k) K*(k)]

G(k) =2(1 — K))E(K)K (k) — (2 — K*)E*(k).

Since c¢((2—x2)E(x) —2(1—k2)K(r)) > 0, then the sign of d”(w) depends on the sign of quantity
G(k) +w?F (k). We have that F(x) > 0.

Thus, we have stability for x :€ (0,1) so that

lw| > ”_gE:; =:wp(k), k€ (0,1)

We now need to further clarify the relationship between L, s and w in order to have a complete
proof of Theorem 2. More precisely, we need to construct the function wy(L), which we reference
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FIGURE 1. The function —G(k)/F(k),0 <k <1

in the statement of Theorem 2. To recapitulate we have shown that L,w, k are related in (23)

. Solving the relationship (23) for w yields

2v/2 — IQZK(I{)
L

Note that here L is fixed and the function k — v2 — k2K (k) is increasing, whence there is at
most one w € (0, 1), for every k € (0, 1) satisfying the relationship (35). Now, the orbital stability
condition |w| > wp(k) is equivalent to
4(2 — k) K?(k)

72

which is equivalent to the inequality

and we have orbital stability for |w| > wo(k

(35) 1—w?=

=1-w?<1-wi(r)=1+

42 — k) K?(K)F (k)
F(r)+ G(k)

As it can be seen from the graph of the function h, it is an increasing function. Moreover, using

Mathematica, we have computed lim,_,o h[x] = 572. Therefore, the inequality (36) does not have

solutions for L < v/5w. For L > \/5m, there is an increasing in L function, xo(L) (namely the

inverse of Kk — \/h[k]), so that 0 < k < ko(L) gives the solution to (36). Now, we may write the
w range of indices for which we have guaranteed orbital stability as follows

2\55(0) /1w B2 "éo(é)K(ﬂo(L))

(36) h[k] == < IL?

Taking into account K (0) = /2 and 21/2 — k3(L)K (ko(L)) = Ly/1 + GEZEEB;, yields

2
GO <o <1 - 20
FF&()L
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54

52

50

48

0.1 02 03 04 05 06 07

FIGURE 2. The function h[k], 0 < k < 0.7

Several obvious corollaries from this analysis are in order. For L < v/5, our criteria does not
provide orbital stability for any w - basically the inequality above does not have solutions.

For L > 2m, we have that /1 — 2LL22 > \/g and since Ran(—G(-)/F(-)) € (3,2), we clearly
have orbital stability at least for some interval |w| € (%, % + ¢). Finally, from (36), it is easy
to see that

lim ko(L) = 1.

L—oo
AS a consequence
G(ro(L)) 1

lim | ———7L =

Lo\l Fro(L)) V2

whence at the limiting case of L = oo, we have orbital stability for all w : |w| > @, thus recovering
Chen’s result, [1].

Remark: In the case d’(w) < 0, the abstract Grillakis, Shatah, Strauss theory is not applica-
ble, since the operator J is not onto.

4. ORBITAL STABILITY FOR THE PERIODIC STANDING WAVES OF THE BEAM EQUATION
We first address the existence statement in Proposition 2.

4.1. Proof of Proposition 2. We need to show the existence of solutions to (7). It is quite
obvious, at least formally, to identify (7) as an Euler-Lagrange equation for certain minimization
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problem. Namely, consider the following minimization problem
I,(u) = / (|Au(z) > + (1 — w?)|u(z)*)dz — min
[~L,L)d
subject to R(u) = / lu[Pdz = 1
[_L,L]d

where w € (—1,1). The first thing to notice is that since p < d2—_d4 — 1, when p > 5, we have by
Sobolev embedding

lull Lot (=1, 232) < Cp,allfll 2, 2)9)-

Therefore, I,,(u) is bounded from below (by say 152“’2) for each admissible u. We conclude that
p,d

the quantity
mn— inf o I (u) >0,
llull pp+1=1
is well-defined. Furthermore, we may take a smooth minimizing sequence u,,. That is,
|tn||pp+1 = 1, and
Lo(uy) — 102,

In particular, we have that sup,, ||un, ||z < co. We first take an H? weakly convergent subse-
quence, denoted again by u,, u, — u. By the compactness of the embedding H?([-L, L]d) —
LPY([~L, L]%), we can select a convergent (in the topology of LPT!([—~L, L]%)) subsequence, let
us denote it again by uy,, u, — u. Clearly u : ||u||fp+1 = 1 and by the lower-semi continuity of
the norms with respect to weak convergence, we have

L,(u) < liminf I,,(u,) = 2™,
n

whence u is an actual solution of the minimization problem.

We now apply the standard Euler-Lagrange scheme to derive that u must solve (up to a
coefficient) (7). More precisely, since u is a minimizer, we have that for every test function
x € H®([~L, L]%) and every sufficiently small ¢,

u+ex i
[ —2EX ) s () = i,
”<W+WMH)“M) :

; 1o, (utex)
Since 1, ( utex ) = v and
“ \lutexllp1 llutexll? 4

lu+ exllrer = 1+ elful’~ u, x) + O(?),
Lo(u+ex) = I™™ 4+ 26 (Au, Ax) + 2e(1 — w?){u, x) + O(e?),
we arrive at

ﬁ“suQ uTe

) I 28 ) + (1 W) ) — Il )+ O

Clearly, since the last inequality has to be satisfied (for fixed x) for all sufficiently small €, we get
that

(Au, Ax) + (1= w?)(u, x) = L™ (JulP "ty x) = 0,
for all test functions x. That is u is a distributional solutions of the equation

Ay + (1 —w?)u — Iy P~ 1y = 0.
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Setting ¢ = (Ifjlm)szlu produces a distributional solutions of (7). We have already shown that
¢ € H?([-L,L)%). Standard elliptic theory and bootstrapping arguments imply that such a
p € H*([-L,L]).
4.2. Proof of Theorem 3. Define first the function

M(w) = I™" = inf{I,(u) : R(u) = 1}

for every w € [0,1) (and one can then view it as an even function in (—1,1)). It is easy to see
that the function M (w) is decreasing. Indeed, let 0 < w; < wo < 1. For a fixed u € LPT! u # 0,
with R(u) =1, we have

T (1) = / (Auf + (1 — w?)[uf)dz > / (Auf + (1 — wB)[uf)dz = I, (u),

whence M (w2) < M(w1). One can check that (7) implies the relation
(37) P'(p) —wQ'(¢) = 0.

Consider the set of functions

2(p+1
S.= e L) = ’w) = 225 M)
The function d(w) in (8) is well defined. It is also easy to see that
p—1 p—1
38 dw) = Ly(pw) = R(py,).
(38) @) = gy lulo) = o )
We will now show that w — d(w) is decreasing in (0, 1). Indeed, by (38), we have
-1 -1 1 -1 ptl
A(w) = 5oy R(9w) = 5o R M ()77) = s M (),

2(p+1) 2(p+1) 2(p+1)
where in the last step, we have used that u, solves the constrained minimization problem and
hence R(u,) = 1. Clearly, by this formula, it follows that w — d(w) is increasing, since M (w) is
decreasing.

Lemma 5. Suppose that d"(w) > 0. Then there exists ¢ > 0 such that for all u € U, . and
¢ € Sy
1
P(u) = P(p) —w()(Q(u) = Qy)) 2 ;lw(u) - wl[?,

where w(u) is defined by w(u) = d_1(2(];_11)K(u)) and

Upe={ue X =H?xL* : inf{|[u—o|[x : € S,}<e}

Proof. We have

Since

we have
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From the above inequalities, we get
P(u) —w(u)Q(u) = d(w(u)).
From Taylor’s expansion, we have (for w sufficiently close to w(u))
d(w(u)) = d(w) + d'(w)(w(u) —w) + id"(w)lw(u) —wl?.
Finally using that d'(w) = Q(u), we have

P(w) ~ P(g) — w(u)(QMu) ~ Q) > 1d"(@)|w(w) ~w/?

We will now show that if d”(w) > 0, then S, is stable.
Assume the opposite for a contradiction, that is Sy, is unstable. Choose initial data u(0) €

Uw,%' Since ug(t) is continuous in ¢, we can find t; and ¥y € S, such that

(39) nf lue(ts) = vl = 6
and .
|P(uk(te)) = P(vw)l < +
QU (14)) — Q)| < &

From Lemma 5, we can choose § so small such that

Pug(tr)) — P(¢r) — w(ug(te))(Q(ur(tr) — Q(¥r)) = i\W(Uk(tk)) —wl?.

It follows that w(ug(tx)) — w and

lim Rlug(ty)) = 2Efj11)d(w)
. 4 ~ 2(p+1)
llﬂsiplw(uk(tk)) < 2d(w) + Ed(w) =1 d(w)
Hence
lim Ty (ue(te) = 22 ()
k—o0 p— 1

1
and M (w)P=Tug(tx) is minimizing sequence and
lim [[uy(tg) — éxl| =0
k—o0

which contradict (39).
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