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1. Introduction

In this paper, we will be interested in the stability properties
of special solutions of a fairly general class of reaction-diffusion
and Klein-Gordon type systems. More precisely, these will feature
linearly unstable steady states, which are nevertheless physically
interesting objects. The conditional stability of such nonlinearly
unstable solutions will be our main topic here. In a recent paper
by Karageorgis and Strauss [1], the authors have shown that the
spectrally unstable ground states are indeed non-linearly unstable
as well. We will informally refer to such statements as “linear
instability = nonlinear instability” theorems. We point out that
such statements are by no means automatic. In fact, their proofs
almost always require the construction of quite clever functionals
of the solution, which blow up if the initial data is selected close
to the unstable special solution. The blow up happens either in
finite time or at infinity, along the evolution. One of the main
examples in the paper [1] is the equation u; — Au = |u|°, x € R®,
which is known to admit a family of steady state solutions ¢; (x) =

(3)»2)1/4
222’
solutions are linearly and nonlinearly unstable.

On the other hand, in another recent paper of interest, [2] by
Krieger and Schlag consider the same equation, with initial data
close to the steady state solution ¢q, which is unstable with a

X > 0.Using the general theorem, it is proved that these
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simple unstable mode —o2. The authors construct a manifold ¥
such that if the perturbationto ¢, (9, ¥1) € X, then the solution
exists globally and remains near ¢, for all t > 0. The tangent plane
to X is given by

. f E(OVo(x)dx + / £V (0dx = 0,
RN RN

where & is the eigenvector corresponding to the unstable
eigenvalue of the linearized operator. The condition for nonlinear
instability in [1] is that o [on £ Ve()dX + [0 E@) Y1 (x)dx >
0. Thus, the co-dimension one manifold X, constructed in [2],
separates the dispersive solutions from those that blow up in
finite time. In essence, Krieger and Schlag prove a conditional
stability result, which provides a condition for the solutions to
stay close to the steady state for all t > 0. There is in fact a
conjecture made in [2], stating that for initial data “below” the
stable manifold X, the solutions scatter to zero. We refer the reader
to the interesting paper [3] for numerical simulations and further
discussion in support of this phenomenon.

Inspired by these recent works (see also [29]), we were able
to prove similar conditional stability result for the radial steady
states of the Klein—-Gordon equation in space dimensions 2, 3
and 4 with respect to even perturbations. In the language of
invariant manifolds, we construct an explicit co-dimension one
center-stable manifold for the Klein—-Gordon equation. In the
classical paper of Bates and Jones [4], it was proved that there
exists nontrivial unstable manifold for the radial perturbations
of the radial steady state solutions of the Klein-Gordon equation
Uy — Au4u— [uPlu =0, (t,x) € RlL x RYifd > 3,p <
%. These finite-dimensional stable and unstable manifolds are of
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equal dimensions and the center manifold is infinite-dimensional.
Moreover, in [5] the same authors show that the steady states
are stable with respect to radial perturbations restricted to the
center manifold which, in essence, proves the uniqueness of the
center manifold. There exist an arbitrary small neighborhoods
of the solution for which any initial data that does not lie on
the center manifold must leave that neighborhood in forward or
backward time. We want to emphasize that these positive, radial
and exponentially decaying steady state solutions do exist for p <
Z‘f—;, when d > 3 and for any p, whend = 1, 2, [6] (see [22,23,26]
as well). In our paper, we were able to prove the existence of co-
dimension one center stable manifold for the case of dimensions
2, 3 and 4 and any power in the regime % >p > 14+ %,
for which the steady state solutions exist, and in addition the
linearized operator J¢ satisfies the gap condition (H4), described
below. In addition, there is an orthogonality condition which gives
the conditional stability result exactly as in the paper by Krieger
and Schlag [2]. Our techniques are closer in spirit to [2], but the
results complement those of Bates and Jones, [4]. It is of interest
to consider general perturbations for the Klein-Gordon equation
instead of even or radial ones. This case is more complicated due to
the multiplicity of the eigenvalue at zero. Our initial computations
show that, in this case, the co-dimension of the center-stable
manifold will be strictly bigger than one.

Since our goal is to prove conditional stability type results, in
essence we do not distinguish too much between the center and
center stable manifolds, both of which contribute to solutions that
do not grow exponentially in time. Similar ideas were exploited
recently in [7] to prove conditional stability of nonclassical (Lax
and undercompressive) viscous shock waves of general quasilinear
parabolic systems of conservation laws.

In order to make our ideas precise and to state the results, let us
outline the framework. The problems that will be considered will
be either reaction—-diffusion models in the form

u—Au+u—Nw) =0 (t,x) eR. xR (1)
or Klein-Gordon type equations of the type

Uy —Au4+u—Nuw) =0 (t,x)eR}erd. (2)

We consider first the simpler reaction-diffusion case (1) as a
motivation and in order to set up the notations and the ideas in the
proof, and then proceed to formulate and prove the theorems for
the main equation of interest (2). In the next section we formulate
our assumptions and their consequences for the spectrum of the
corresponding linearized operators.

1.1. Standing assumptions

We need the following assumptions on the nonlinearity .,
which will be assumed to hold henceforth.

(H1) The equation —A¢ + ¢ — N (¢p) = 0 has a solution ¢, which
is positive, smooth, radial and limy_, 1+, 3¢ (x)e?™ = 0 for
some a > 0 and for any « € Z¢.

(H2) The linearized operator # = —A+1— N’ (¢) has a negative
eigenvalue.

(H3) #(0) = A’(0) = 0 and for each compact set K C RY,
N € C*(K) for some 0 < « < 1.In particular, there exists
Ck, so that for each x, x + h € K,

|V (x+h) — N(x) —hN' )| < Celh]",
|V (x + h) — N (x) — RN (x)| < Ci|h|"™,

Note that (H3) implies that for every N > 0, there exists Cy, so
that |[&'(s)| < Cys® forall0 < s < N.

Let us take the opportunity to review the assumptions. First,
(H1) is a natural assumption for the existence of a ground state for
(1). Simple sufficient conditions are presented in Theorem 3.1, [8].

The assumption (H3) helps to ensure that A (u) is indeed a
nonlinear term. Slightly less restrictive variants of these are all
present in Karageorgis—Strauss, [1] assumptions (A1)-(A4). The
assumption (H2) reflects our goal to study unstable configurations.
Below, we discuss two natural situations, in which (H2) is satisfied.

The first is when the function & is convex, which is the set
up! in [1]. This is well-known to cause the appearance of unstable
point spectrum, as the following elementary computation shows.
Indeed, note that since #¢ = N (¢) — N'(P)p = N (¢p) — N (0) —

N'(P)¢
(Ho. ) = f(N(¢) — N(0) — N ()¢)pdx

1
=/(/ (N’(Z¢)—=N'(¢))d2> ¢dx.
0

Now, the convexity of & implies that . — A’()) is increasing and
since ¢ > 0, it follows that fol(N/(z¢>) — N'(¢))dz < 0.Thus

. . 1
info(#) = ”;{llg(ﬂ’x, xX) =< e (H, ¢) < 0. (3)

Hence o, (#) 2 o (#) N (—o0, 0) # 0.
Another situation?, where an instability occurs is when d > 2
and the steady state ¢ is radial and decaying. Then

H(P) = (=A+1=N'(@)¢'(p) ==~ Dp "¢ (p),
implying (#[¢'], ¢') < 0, whence

info(#) = inf (#
lIx =1

X X) < (#[9'], ¢") < 0.

1
llg'lI?
Regarding the a.c. spectrum of #, since we have limy_ o N’
(p(x)) = 0, it follows by Weyl’s theorem [9,27] that o, (#) =
Oac(—A + 1) = [1,00). Finally, by [N'(s)] < Cys® for all
s < N, we have that the potential satisfies |N'(¢)| < Cp¢%,
whence by the exponential decay of ¢ (as required in (H1)),
we conclude that # has finitely many eigenvalues, an absolute
continuous spectrum (with no embedded eigenvalues) and no
other spectrum. Note also that by differentiating the identity
—Ap+d—N(¢) =0, wesee that #[9j¢] =0,j = 1....,d. That
is, {0;¢} are linearly independent (and in fact mutually orthogonal)
eigenvectors, corresponding to the eigenvalue zero. In fact, we can
arrange so that all eigenfunctions be mutually orthogonal. Also,
without loss of generality, we assume that all (except for {0;¢}) are
of I? norm one. Next, we collect our conclusions.

Proposition 1. Let the nonlinearity N (u) satisfy hypotheses
(H1)-(H3). Then the linearized operator #¢ has the following spectrum

o(H) = {—ol,...,—og U0} U {ul, ..., ug} U1, 00) :
Oq.c.(#) = [1, 00),

where M > 1, N > 0 and Mf < 1,j = 1,..., N. Moreover, the
eigenvalue zero is of multiplicity at least d. The eigenfunctions {1 j"i 1
and {x;}}, (corresponding to the eigenvalues {—o?}}., and {u} )Y,
respectively) and {9;¢}, corresponding to the eigenvalues at zero are
smooth, decaying at infinity and mutually orthogonal.

In other words, for all examples satisfying (H1)-(H3), the ground
state ¢ is linearly unstable and hence nonlinearly unstable as well,
following Karageorgis-Strauss, [ 1]. Moreover, there may be at most
finitely many, precisely M in our notations, unstable directions.

1 of course, it has to be recognized that Karageorgis and Strauss are working
in a more general setting, but in spirit, the convexity of . guarantees the linear
instability.

2 We thank an anonymous referee for generously pointing out this.
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1.2. Some more spectral results

While the elementary considerations in the previous section
shed some light on the structure of the spectrum of #, we shall
need more detailed information, especially in the case of the
Klein-Gordon equation, (2).

Regarding the eigenvalue at zero, it is well-known that at least
some of its eigenvectors arise out of symmetries for the problem.
Thus, 0 is at least a multiplicity d eigenvalue, due to translation
invariance. We would like to emphasize that this problem was
studied in great detail in connection with linearizations of
Nonlinear Schrodinger equations around pulse solutions. Indeed,
our operator J¢ is exactly the classical operator L, , which appears
in the NLS context (see [24,25,30]). The following result is due to
Weinstein, [10] in the cases d = 1 and d = 3 and in the general
case to Kwong, [6], see also Lemma 2.1in[11] for a new and elegant
proof.

Proposition 2 ([10,6,11]). Let d > 1 and N (u) = uP, where

1 00 d=1,2
<P<\@d+2/@-2) d>s3.

Then Ker(#) = {9;¢,j = 1,...,d}. In general, if N satisfies
the assumptions® of Theorem 3.1, [8], and if ¢ is decaying, then
Ker(#) 2 {9j¢,j = 1,...,d}, and moreover dim(Ker(#)) = d
or dim(Ker(#)) =d + 1.

The last statement above is a consequence of an argument in
Proposition 2.8, [10], which rules out all eigenvectors at zero (other
than d;¢,j = 1,...,d) with the possible exception of a purely
radial eigenvector.

In addition, we will need another spectral property of our
operator #, namely the so-called gap condition, which is our
hypothesis

(H4) # does not have eigenvalues in (0, 1] and the point 1 is not
a resonance.

Hypothesis (H4) was also a spectral assumptions of Schlag, [12]
(and later Beceanu, [13]) in the proof of existence of center-
stable manifolds for the pulses for the cubic focusing nonlinear
Schrédinger equation in three dimensions. Unfortunately, such a
statement is not rigorously available, to the best of our knowledge,
foranyd > 2and p > 1. The cased = 1 is actually well-
understood (see for example Theorem 3.1, [11]) for all p > 1. The
conclusion there is that for p > 3, the operator # satisfies the gap
condition.

Returning to the case d = 3, there is a numerical justification of
(H4), at least for the case d = 3 and p close to 3.

Proposition 3 (Demanet-Schlag, [14]). Let d = 3, B, = 0.914...
and 1+ 28, < p < 3.Then # = —A + 1 — p¢P~! does not have
eigenvalues in (0, 1] and 1 is not a resonance point.

The authors, [14] claim that such a result is true for at least
some values of p bigger than 3. On the other hand, eigenvalues
start to appear in (0, 1) for p < 1 + 28, as shown numerically
in [14]. Note that some further numerical simulations for the case
d = 2,3 are available in [11], but they run only over possible
eigenvectors in the subspace of the first few harmonics. Finally, in
the case d = 2, P. Kevrekidis, [15] has recently informed us, that
a series of numerical simulations showed that the operator # (or
L, ) does not have eigenvalues in (0, 1) at least forp = 4, p = 5.

1.3. Main results
Our main result is, in essence, a fairly explicit construction of

an center-stable manifold X in each of the two cases mentioned

3 5o that smooth, radial and decaying solutions ¢ exists

above. This is a conditional stability result which states that
whenever the initial data ug satisfies ug — ¢ € X, then the solution
will approach (in an exponential way or slower) a translate of the
equilibrium solution.

As pointed out in the beginning, the center stable manifold for
the Klein-Gordon equation is our main goal here, but to illustrate
the method of the proof on a simpler case, we will consider first
the reaction-diffusion equation as a model problem. In that case,
due to the spectral gap, we have exponential decay estimates for
e %P, .. Consequently, we may construct stable manifold under
very general conditions of the nonlinearity .. We believe that the
results that we obtain, while not new per se, nevertheless shed new
light on the behavior close to the unstable steady state, even in this
simple setting. In particular, one may extend formula (5) below for
the asymptotic phase into an asymptotic expansion in powers of €.

1.4. Reaction-diffusion case

Theorem 1. For the Eq. (1), assume hypotheses (H1)-(H3) and 1 is
neither a resonance nor an eigenvalue of #. Fix qg > max(2, d).

Then, thereexists0 < e =& < 1,C > 0andh = (hy, ..., hy) :
B(L2 N W9 (RY), &) — R, so that whenever the initial data is in
the form

M
u©) = ¢ +f+ Y by :f € spanlyn, ..., ywl*,

j=1
||f||[_2mw1~40 <é,

then the solution u can be written as

M d
u(t, ) = p+ () + Y aiOV; + Y b(t)dep
j=1 j=1

N
+ ZCj(t)Xj + z(t), (4)
j=1
where ji(t) € C'([0,00)) : y(0) = 0,|y'(t)] < Ce™'e,y>® =
lim_ oo y(O.
Fix0 < o0 < min(o?, ..
decay estimates,
sup Ih(f)| < ce'*e,

FiFll 21,00 58

L o%, 1u3, ..., u¥; 1). Then, one has the

d
12l 2girra0 + Y IO +
j=1 J

M
lcj(t)| < Cee™,
=1

M
V() —y™| < Cee™, Y la(n)] < Cee .
j=1

In addition,
1
oo _ - , 9 0 1+a 5

is an approximate formula for the asymptotic phase.

We would like to first point out that the noneignevalue/
nonresonance condition of 1 here is likely to be removable, but we
keep it for sake of simplicity of the presentation. Also, the existence
of infinite-dimensional stable manifold and finite-dimensional
unstable and center manifolds for the reaction diffusion systems
is not a new fact. In fact, it was proved in [16] using center
manifold reduction methods (see also [28] for recent and more
sophisticated results). We believe however, that Theorem 1 gives
more information than the corresponding results in [16,4].

In addition, the proof of Theorem 1 serves as an illustration of
the setup and the techniques that we will use to treat the more
subtle Klein-Gordon example.
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1.5. Klein-Gordon case

For the Klein-Gordon example (2), naturally we have more
restrictive results. This is due mainly to the power (dimension-
dependent) time decay of the semigroup generator
cos(t«/E)PM,(H) and this is especially problematic as the dimen-
sion gets smaller. In order to present the main ideas and the as-
sumptions in a more straightforward manner, we will consider
only the case of power nonlinearity in the form & (1) = |u[P~'u.
One could potentially, at the expense of some technicalities, for-
mulate and prove similar results for general nonlinearities, satis-
fying conditions similar to the ones in Theorem 1.

Another simplifying assumption, which we choose to make, is
that we consider only even initial data for (2). This may not seem
like much of a restriction, but it actually simplifies our problem a
great deal. In particular, if one considers # on the subspace of even
functions, it does not have 0 in its point spectrum and, therefore,
it prevents a dangerous build-up of mass at the zero modes of the
system. Our initial computations show that the stable manifold for
the problem with general (i.e. not necessarily even) initial data is
of co-dimension higher than one and it should in fact be d> + 1.
The technical difficulties associated with such a theorem would be
an order of magnitude beyond the ones that we present here. We
hope to be able to report on this problem in a future publication.

Our main result concerning (2) is the explicit construction of
a co-dimension one center stable manifold for the steady state
solutions in space dimension two, three and four. For dimension
one as well as dimensions higher than four, there are technical
complications and we are not including these cases here. We prove
the following theorem.

Theorem 2. For (2), assume N (u) = |u|P~'u, where

d=2

0
1+4/d=p< {(d+2)/(d—2) d=3,4.

Then, there is o = o (p), so that —o% € oy, (¥) with Hy =
—o?9.

Ifin addition, we further restrict p, so that the gap condition (H4)
holds. Let sq : S3 = S4 = 2,5, = 1. Then there exists 0 < & =

e(k,d) < 1,C = C(d) > 0and a function
h 2 Bysa (8) X Bysy—1(6) N{(f, &) : (of +&, ) =0} > R
so that whenever the initial data is even and in the form

u0) = ¢ +fi + hifi, )V |
u(0) =fo ’

(@hi + . ¥) =0 (s ) lysapsa < €

then the solution u can be written as

u(t,x) = ¢(x) + at)y + z(t), (6)
wherez = Py (#)z and
e For d = 3, 4, there exists C so that

”Z”L?o[O’OO)H)%HL%[O’OO)WE/Z—l/d.Zd/(d—Z) <Ce -
lall 1 0,00nu2210,00) = C&-

e Ford=2fixqy:2 <qo <8/3,andry : 1/qo + 1/19 = 1/2.
Then, there exists C so that

”Z” 1-2/qg. 19 = Ce

19°[0,00)HI NL0 [0,00) W

llall 210,00 152 10.00) = CE-

(8)

We take the opportunity to informally discuss the results of
Theorem 2.

e We limit our considerations to the case d < 4 for reasons of
physicalinterest as well as certain technical problems that arise

when the power p < 2. In other words, a similar theorem

should hold true (with the same statement) for the KG equation

inany d > 5, when p > 2 and modulo certain minor technical

adaptations of the argument (like Proposition 4 below), when
< 2.

° gur smoothness assumptions on the data are not necessarily
the sharpest possible, but we wanted to use integer values of sy
to avoid some minor, but cumbersome technical issues.

e The case d = 1, on the other hand, is an important one from
a physical point of view. There are, however, more serious
technical complications here, that are essentially due to the lack
of sufficient time decay of the KG semigroup. In order to deal
with that, one needs to consider a further refinement of the
function spaces considered in the proof of Theorem 2, which
allow to close the argument in spaces with very little time
decay. This case is currently under investigation.

A few words about the organization of the paper. In Section 2,
we give the proof of Theorem 1. In Section 3, we present some
technical tools to deal with the KG problem. Namely, we first derive
the equations for the different components of the ansatz for the KG
equation of Theorem 2. We also present the Strichartz estimates
for the free KG equation (following [17]) and the technique of the
wave operators, which allows us to state the Strichartz estimates
(in Sobolev spaces) for the perturbed KG equation. In Section 4, we
finally present the proof of Theorem 2.

2. Proof of Theorem 1

We will be looking for a solution u in the form (4). More
precisely, we will write differential equations for the unknown
functions aj, b;, ¢;,j = 1,...,d and z(t), which we will solve
using fixed points for certain maps. We will show that these maps
do indeed have fixed points, in view of the linear estimates that
they satisfy. These will be, in turn, a consequence of the spectral
assumptions and the decay of the bound state.

Note first that the space [> N W'% < L[*°(RY) by Sobolev
embedding, since qo > d. This implies that we will have a priori
control of the L?° norms of all pieces of the solution and hence,
some of the constants will depend implicitly on that.

2.1. Derivation of the linearized equation

To set the ideas, write

M d N
N@E+IO)+ Y qOP;+ Y bi0)dd + Y 60+ 2(0)
j=1 j=1 j=1
M d
= N(@E+J(0) + N (G + (D)) (Z GOV + Y bi(t)dp
j=1 j=1

N
+2 60K +z<t>> + [N (@ +6) — N(¢) — ¥ ($)GL,

Jj=1
where

M d N
G(t, %) = Y aiOV;+ Y _bi(dd + Y GO x +2(0).

j=1 j=1 j=1
Clearly, by the Hoélder assumption (H3), we have the following
estimates® for the error term
[N (@ +G) — N (@) — N'($)G] = C[G]",
IVIN(@ + G) — N (#) — N ()G < C(IG|"™* +|VG||G*).
From here, an application of the Holder’s inequality and Sobolev
embedding shows

4 Note that the constant C that appears is a consequence of (H3) and hence, it will
depend on the L*° bounds on ¢, V¢, but also on the a priori bound for ||G||;~ that
we tacitly assume.
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IV (¢ +G) = N(p) = N' (@Gl 2rira0 < CIIGH S

2nwho”
Furthermore, again by the Holder assumption (H3)
N (@ +Y(1) = N (@) + O(ly(®)]).

To summarize, we have shown the representation formula

M d N
N <¢(x +YO) + ) aOv+ Y biOde + Y GO)x+ z(t))
j=1 j=1 j=1
M d
= N (@& +3(D) + N (@(X)) (Z GOV + Y bi()dp
j=1 j=1

N
+ ) G +Z(t)) +E(t,x),

j=1
where & is so that
12, Iz < CUa@ + [bOF + |c(@)'H*

12Ol 55100 T CYOIa®] + 1bO)] + e (O]

+ 12O 2 1.90))-
In addition,

d d
FTEAS +3(0) = Y yj(©3X) + 0yOlly D

i=1
Taking into account the relations,

—Ap+¢ — N(p) =0,
—AY + Y — N (DY = HY = —0’Y 9)
—Adp + 3¢ — N' ()3 = H[3¢] =0,

we find that the evolution of u is governed by the equation

M d N

z+ Hz + J:Z] Yi(@)(t) — of (1)) + ;w;m + (1) + j;(c; ® (10
+ 1 GO) x5+ F(x, 5(t), 2(6), a(t), by(6) . ..., ba(t)) =0,

where F = £ + O(Jy(t)||y’]) and thus, satisfies similar estimate

as 5.

This is a nonlinear equation for the scalar unknowns a;(t), j =
1,...,M;bi(t),j=1,...,d;¢(t),j = 1,..., N and the function
z(t).

Introduce the variable m(t) = (¥, {q;(t) jl‘il, {bj(t)}J‘-’Zl,
{cj(t)}}il, z(t)) which lives in the space X = R x C([0, 00),
RYHHNY ([0, 00), L2 N WD), At this point, we make the
assignment, y;(t) = (1 — e_t)y]‘-’o, for the center of the traveling
wave. To summarize, F satisfies

IF € m) e < CAGO] + (B[ + [E(0)]'

F 12O 151 + 12 + Cly® | lac)]

+bO] + [c (O] + 12Ol 2y 1.90)- (11)

One has in fact more general Holder’s continuity estimate in the
spirit of (11).

2.2. Setting the contraction map

In order to show the existence of these quantities for all
times, we set up the solution mapping A and show that it is a
contraction’. Recall that Il .2 = llxjll,2 = 1. Taking a projection
onto ; yields

ai(t) — of a;(t) + (F(t), ¥;) = 0.

5 We will follow the convention fi = A(m), that is we denote the new variables
as a tilda version of the old variables.

This gives the representation formula

e‘“’jzaj(t) —a;(0) + /0 e_wf2 (F(s), yj)ds = 0.

Thus, if one expects lim;_, , a;(t) = 0, we obtain

;(0) = / e 7" (F(s), ¥)ds, (12)
0

whence going back to the formula for g;(t), we have

a(t) = / ” e~ (=097 (F(5), ¥;j)ds. (13)

t
Next, take a projection onto 9;¢, whence

Yj(©) + bi(t) + (F(D), 3ip/[10¢1I”) = 0.
Integrating in time and taking t — oo (recall y;(0) = 0, lim;_, o
bi(t) = 0) yields the formula

Y2 = by(0) — / (F(s), 8/ 15 1) ds. (14)
0

Since we need functions y;(t), so that y;(0) = 0, lim;_,« y;(t) =
y;°, itis actually a good idea to assign y;(t) = (1 — e’f)yfo. Thus,
we obtain the following formula for b;(t)

bi(t) = e”'y° +/ (F(s), 3¢/ 11360 |1*) s, (15)

where here y;’o is the dynamically defined variable in (14).
Regarding the scalar variables ¢;(t), they clearly have to satisfy
¢j(0) = {f, x;). Then projection onto x; yields

2 t 2
Gty =e "M (f, xj) — / e (F(m(s)), x;)ds. (16)
0

Following this heuristic arguments, we build our map A as follows.
First, by (13), set

g(t) = / " ety (F(m(s)), ¥;)ds, (17)
t

where F(m(s)) is the nonlinear expression from (10). Following
(14) and (15), set

- 1 o
[ / (Fms), dp/13610ds.  (18)
19,91l 0
and
bi(t) = e 5 + / (F(m(s)), 30/ 131>} ds,
t
Finally
t
20 = RGOl + [ €I RGORmEE (19)
0
With this, we have defined m = A[m]. We now need to show

that such a map is a contraction on an appropriate space. For the
variable m(t) = (¥, {g;(D}}1,, {bj()}L,;, (G(O}Ly, 2(6)), which
livesin R? x C([0, 00), RMT4N) x € ([0, 00), L2NW1%0), introduce
the quantities

Mo(m) = [y*|
M;(m) = sup e max |a(t)|
0<t<oo 1sj=M

M,(m) = sup e'” max |b;(t)|
0<t<oo 15j=d

Ms(m) = sup e max |¢(t)]
0<t<oo 1<j<N

Ma(m) = sup e [Iz(0)ll g0

0<t<oo
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Lol 13, ..., wd, 1) is some fixed

where 0 < ¢ < min(o?, ...
number in (0, 1).

Clearly, the expression max(Mg(m), ..., M4(m)) isa normon a
subset of R? x C([0, 00), RYT4N) x ([0, 00), [2 N W40), which
we denote by X and ||m||x := max(My(m), ..., Ms(m)). Note that
this norm guarantees rate of time decay of at least et for all
functions a(t), b(t), ¢(t), ||z(t)||L§ﬁW1,qO.

We now show that there exists 0 < §,& <« 1, such that
whenever ||f]|,2 < d¢,then A : B(X, &) — B(X, ¢€) is a contraction.
Note first, that from (11)

IF(m() < Clim|l e~ (20)

Then, for some constants C = Cy, we estimate in (18)

. oo 1 1 (>
Mo(m) = max Iyl = 1"2}35)5<||aj¢|| IF1+ |8*¢>II/ IIF(m(S))IIdS)

o0
< Cés +C||m||”“f e '9ds < Cée + —||m||1+"‘ <e/2,
0

aslongasd:Cs < 1/4ande: Se” < 1/4.
To estimate M; (), we have

o0
max |3()] < / IE(m(s))llds < Cllm]1*
1<j<M ;

& C
x [ eas < Smipreee,
t o

whence
My () < Ce'** <,

provided Ce“ < 1. Next,
bi(t)| < F d
{riljafﬁl (O] < e 7]+ max ||8¢||f [IF(m(s))lds

< e "My () + *IImIIH‘x -

Thus, taking into account that we have already established
Mo(m) <e/2,and o < 1,
My (m) =

sup e max |b (6)] < Mo(m) + *||m||1+a

0<t<oo
ifgs"‘ < 1/4.
Regarding M5 (1), we have

t
2
max |&(t)] < e [f]] 2 +/ e~ Dtmin||F (m(s)) [|ds
1<j<N 0

where p?, = min(u3, ..., u¥) > o. Hence,

t
2
max ¢i(6)] < SeetHmin 4 ||m||1+"‘/ e OHmine ™5 dg
15j= 0

< See~ IG+C||m||1+Ot
Thus
M;3(X) <,

solongasé < 1/2and Ce* < 1/2.

To finish off the argument, we need to establish an appropriate
estimate for M4(m). We have the following estimate from
functional calculus for the self-adjoint operator
lle™ Poc.(FOIl 22 = sup et =e".

A€ag.c.(H)=[1,00)
In order to establish the corresponding bounds in Sobolev spaces
(and in particular in Wt a5 required here), we shall need to
use the machinery of wave operators to translate various classical
estimates for the heat semigroup e‘“ to estimates for e **P, . (#).

2.3. Wave operators for Schrédinger operators and consequences

We discuss the boundedness of the wave operator W,
associated to a Schrodinger operator in the form H, = —A 4+ V,
where V is a real-valued potential. Define
Wy i=s— lim eveit4

t—+o0

where the limit is understood in the strong operator topology
on B(L2(RY)). While the L2 boundedness of W is well-understood
and relatively easy to deduce, the [’ — [’;1 < p < oo and
more generally W*? bounds are highly nontrivial. Nevertheless,
in the last fifteen years a coherent theory of these estimates has
emerged (together with far reaching applications). We summarize
the results in the following

Lemmal. Let V : R® — R d > 1 be a potential, which is
C? and decaying with its derivatives. Assume also that the operator
Hy has neither resonance nor an eigenvalue at zero®. Then, for every
s,p:1>s5>0,1< p < oo, the wave operators W., W} are
bounded operators from W*?P to itself.

Lemma 1 is shown (under less restrictive assumptions on V') by
Weder, [18] for d = 1, by Yajima, [19] for the case d = 2, in [20]
ford > 3and d odd and in [21],d > 4 and even.

What is the the relevance of such a result to our problem? In our
case, the relevant potential V = — N’ (¢) satisfies the assumptions
of Lemma 1. Thus, one may write (see for instance formula (1.8)
in [20])

f(Hv)Pac.(Hy) = Wif (Ho) Wi (21)

for any Borel function f. An easy computation shows that

Wy = lim eHveltd — [jm eif(-A+1+V)e—it=A+D)
t—+o0 t—+o0
and hence
—tF —t(—A+1 *
e Py (H) = Wee TATD W

It is easy to see now, based on the last formula
lle™ " Poc.(FO) sy = [ Wae ATV W] ||y
—t(— 1 —
< W llswsa) | Wi llswsa) e 2V llpasay < Cose™

Hence

||2(t)||[_2mw1»00 = ”e_tﬂpa‘c.(}f)f”LZQWLQO

t
+/ lle™ =" Py e (HOF (M($)) 2 yir1.00 dS
0

t
< e " If lznira + C||m||)l<+°‘/ e Ve ds < e 'se
0

+ C81+ae7ta

and hence M (M) < 8¢ + Ce!™® < g, provided § < 1/2; Ce* <
1/2.

Thus, we have shown that the mapping A sends the ball
B(X, ¢) into itself. Moreover, if one uses the more general Holder
continuity estimate, rather than (11) in the arguments above, it is
easy to see that

| A(m) + IInlly), (22)

which provides that the mapping A : B(X, €) — B(X, ¢) is indeed
a contraction, whose fixed point is the desired solution. Note

— AM)|lx = Cllm —nllx(Im[Iy

6 Inthe case d = 1, this requirement can be dropped, see [ 18], but not in the case
d>3.
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that by definition the defining functionals of the stable manifold
hi, ..., hy are (nonlinearly) defined through (see (17))

h(f) = a;(0) = / e 0% (F(m(s)), ¥;)ds
0

It follows from (20) that
© 2
()] < / e [F(m(s))|ds < Cllm]1+
0
o0 2
% / e*SUj e—sa(1+a)ds < C{;‘H—a.
0

Regarding the approximate formula for y*>°, we have from (18) that

(o.¢]

yj I j¢> +O(81+a)

||3<i>||2 v

since |y]‘->O — ||8j¢>||L_22(f, 0j¢)| is estimated by f0°° [F(m(s))|lds <
Celte [Fe~s7ds < Celte.

3. Proof of Theorem 2: Preliminaries

The argument is in many ways similar to the proof of Theorem 1.
Let us mention, though, that one main difference is that by
choosing an even initial data, we are in essence destroying
the eigenvalue at zero. More precisely, since the evolution
preserves even solutions and the zero eigenvalue has only odd
eigenfunctions, the whole evolution proceeds perpendicularly to
that marginally stable direction and the ansatz (6) does not contain
the asymptotic phase function y(t) and Zj b;o; .

Next, we derive the equations satisfied by the unknowns
a(t), z(t). We have by (6)

Zy + Hz + Y (d’(t) — o’a(t)) — F(t,x) =0,

F(t,x) = N(¢+alt)y +2z(t) — N(P)

—N(@) @)y +z(t)) (23)
where & (1) = |u|P~'u. From here, taking the spectral projections,
we derive the equations
a'(t) — o?a(t) — (F(t, ), ¥) =0 (24)
Zy + Hz — Pa.c[F] =0. (25)

3.1. Analysis of the a(t) equation
We have the explicit solution of (24) in the form

a(t) = cosh(ot)a(0) + ; sinh(ot)d’(0)

t
+§ / sinh(o (¢ — S){FG. -), ¥)ds. (26)
0

Our goal is to achieve a vanishing solution. The first step is to ensure
that lim;_, o, a(t) = 0. There is one term in (26) that vanishes
whenever (F(t, -), ¥) — 0. Namely, we will show

t—o00

t
lim e™*° / e (F(s, ), ¥)ds =
0
Indeed, we estimate as follows

¢ t/2
et / e |(F(s, ), ¥)lds < e sup | (F(s, ), )| / e ds
0 N 0

t

+e7" sup [(F(s,-), ¥)| [ e“ds.
s>t/2 t/2

Clearly, the last expression converges to zero, as long as lim;_,

[{F(t, ), ¥)| = 0.
We now need to make sure that the remaining terms also vanish
ast — oo. We group them as follows

e; [ 0) + LO) . / e 7S (F (s, ), wm]
0

It is now clear that in order to achieve the vanishing of these terms
as t — oo, we shall need to enforce the nonlinear relation

a (O)

/OO e 7*(F(s, ), ¥)ds = 0. (27)
U 0

Note that due to the exponential factor e‘° in front, this is the only
hope to have a(t) — 0. On the other hand, if (27) holds, we have
by the L’Hospital’s rule,

a(0) + “©Q 1 L Meos(F(s, ), y)ds
t%rrolo e to

1. e "(F(t, ), ¥)
=—lim ——— =0,
o t—00 —ogeto

provided (F(t, -), ¥) — 0.In terms of the initial data we have

a(0) = (fi, ¥) + h(f1,f); d(0) = (>, ¥)

and taking into account (f; + %fz, Yr) = 0, we see that the validity

of (27) is equivalent to

‘1 o0
A1) = / e~ (F(s, ), ¥)ds. (28)
0

Thus, the solution of the a equation, which obeys a(t) — 0 will
take the form

—to

€ 1 / 1 ‘ —o (t—s)
a0 = - a0 - ~dO |- o f e (s, ), P)ds
0

_ /oo e (F (s, +), ¥)ds. (29)
20 J;

In the derivation of the last formula, we have explicitly assumed
the validity of (27), which still needs to be enforced nonlinearly in
the evolution.

3.2. Linear estimates for the Klein—Gordon equation

Regarding the Klein—-Gordon equation describing the evolution
of the z variable, we write its solution as follows

sin(t+/J¢)

z(t) = cos(tv FH)Pqc (FOIf1] + NE Poc. (#)[f2]
sin((t — s)v/ F)
a.c. ) " d )
—l—/(; NE —————— Py (H)[F(s, -)]ds (30)

where we have taken into account P, (#)y = 0.

The next goal is to analyze this equation for z for small data
in appropriate function spaces. The necessary tools to do that
have been developed recently by a number of authors — in
particular we refer to the so-called Strichartz estimates. These are
readily available only for the evolution of the “free” Klein—-Gordon
equation, i.e. generated by e'™v# where #, = —A + 1. In
addition, we use the wave operators to obtain Strichartz estimates
for the perturbed evolution eltV,

For the Strichartz estimates, we follow the recent paper [17] by
Nakamura and Ozawa. We do not list the full statements in [17],
as they have too many parameters. Instead, we select the value
of the parameters, which are most advantageous for our nonlinear
problem and state those explicitly. We need a definition first.
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Definition 1. We say that a pair (q, r) is KG admissible (sharp KG
admissible respectively), ifq,r > 2 :2/q+d/r <d/2(q,r > 2:
2/q+ d/r = d/2 respectively) and (q, r, d) # (2, o0, 2).

Lemma 2 (see Lemma 2.1 in [17]witho = d, A = (d 4 2)/2). Let
(q, 1), (q1, r1) be both KG admissible pairs and s > 0. Then

it/ H,
e  lgysr < CUFI sz gy,

Esin((t — )/ H,
‘/ MG(@JdT
0 Vo wy”
< C|G]| g 571+d2—2(ri,7%)
L'w 1 N
Based on (21) with f(§) = elvE we may now translate

Lemma 2 in terms of # as follows.

Lemma 3. For all KG admissible pairs (q, 1), (q, T), wherer, 7 < oo
and s > 0, there exists C = C(s, d), so that

1" Pac.GOf ygwyr < CIFI coaszy s (31)
Esin((t — T)v/H)
f Tpa.c.(Hv)[G("—" )ldz
0 ws’
= C”G”La/WSiprd#(fl’i%),?’. (32)

t

Proof. For (31), we have

1€ Py (FOF s = IWae™ = FTWEF 10,1

it/ —A+1 W

= Wllgwrs)lle L llawrs-

Applying the Strichartz estimates for the free Klein-Gordon
(Lemma 2) yields

it/ —A+1 * *
1€ AF W e < CIWIFI sy )

2

< C||'wi .
=C] :t”B(HH—M(é_’I))”f”HSerJZrz(;;)

Composing all the estimates above implies the statement with
a constant depending on the Strichartz constants times operator
norms of ‘W, in various Sobolev spaces. The treatment of (32) is
similar and it is therefore omitted. O

4. Proof of Theorem 2: Main argument

We begin the proof of Theorem 2 with an elementary
proposition regarding a pointwise estimate for the non-linearity F.

Proposition 4. Let p > 2 and

G(h) = |¢ +hP~'(@ + h) — ¢ — pp?~'h.
Then, one has the pointwise estimate

G| < Go(¢"*IhI* + |h[P)

As a corollary, one obtains the following estimate for the nonlinearity
F = G(a(t)yr + z(t, -)) (as defined in (23)),

F(t, 0| < G *(la®) Py + 12(O)1%)
+la@®PyP + 1z P). (33)
Also, if p > 3, one has the following estimate for the derivative

IVG()| < G (@"|hI[V@| + | VhIIhI¢P > + [V ][RP,

whence
IVF(t, 0] < Hi(t, x)(ja®)]* + a®)” + |2(t, )* + |2(t, X)[")

+ Hy(t, 0| Vz||a(®) P! 4 |Vz|[z]’~, (34)
where H; = Hi(¢, ¥),i=1,2 € L' N L™,

Proof. We only show (33), since the proof of (34) is similar. Split
into the cases |h| > ¢ /100 and otherwise. Split into the cases {x :
|[h(x)| > ¢(x)/100} and otherwise. If |h(x)| > ¢(x)/100, we take
absolute values and estimate each term separately by C,|h(x)[P. On
the other hand, if |h(x)| < ¢(x), we have ¢ + h > 0 and hence

(o3
% o

h2
< Cp¢p& = Gp"?Ih%.

(@ + 1) — ¢P — pgP~'h| = ¢

Combining the estimates in both cases yields the result. O

4.1. Setting the contraction map and the function spaces

We have shown that one may reduce the problem to
the following integral equation for the unknowns m(t) =
(h, a(t), z(t)), defined by (28)-(30). That is, for a nonlinearity F =
F(m) (explicitly defined in (23)), define m = A(m) via

T— / " e B (m(s)), v)ds,
o Jo
e*[ﬂ' - 1 t
a0 = 201, y) + il o / e (F(m(s)), ¥)ds
o Jo
_i = o (t—s)
[ e Emen, was
g Jt
sin(t+/ )

Z(t) = cos(tv/#)Poc (FO)Ifi] + Poc (#)[f2]

N

Py (F)[F (m(s))]ds.

N /f sin((t — s)v/F)
0 NET
Note in the definition of @ above, we have used the formula
2{f;, ¥) + hinstead of a(0) — a/((,—m. These two expressions coincide,
whenever h = h and fi + %2 ¥) =0.

Our goal is to show that such a map is a contraction in an
appropriate metric space, which must in turn guarantee a(t) — 0
and z(t) — 0.

Fix qo, 70 : 2 < qo < 8/3;1/qo + 1/ro = 1/2. Introduce the
norms

Mo(m) := |h[;

M;(m) = {”a”Lfl([O’w»ﬂL?"([o,oo)) d=3,4
lalli2o,connzge 0,00y @ =2

My (m) = {”Z”Ltong(Rd)mL?Wm1/d,zd/(dz> d=23,4
”Z”L[OOH)}(RZ)QLgowl—Z/qO,rO, d=2.

The Banach space X is now defined as the set of all m =
(h, a(t), z(t)) with a norm ||m||x := max(My(m), M;(m), M (m)).
Note that by Sobolev embedding and Gagliardo-Nirenberg’s
inequality, we have for every KG admissible pair (q, r)

12l 012~ er2-2/a-d/m-1/a-2/da.r < Ma(m). (35)

In addition, we will also use Gagliardo-Nirenberg’s inequality (or
log-convexity of L norms), namely for w > 2,
llallze .00 < My(m).

For d = 3, 4, this follows from

1/w 1-1/w
lall .00 < lallf o) lallim iy < Ma(m)

and in similar way for d = 2.
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Now that we have set the stage, we proceed to show that there
exists 0 < ¢ = e(d,p) < 1and § = §(d, p), so that whenever
|(f1, 2)lg2xg1 < &g, we have that A : Bx(e) — Bx(e) is a
contraction.

Thus, assume that ||m||x < e. We have

Moy = [l < /0 " e (), Y)1ds.
From (33), we estimate
[(F(m($)), ¥)| < C(la@®)* + llz(s. )iz
+1a®F + 2. ) 17). (36)

where C depends upon various L norms of the decaying functions
¢, ¥. It follows that

Mo (m)

IA

c / e (a)” + llz(s. )l + 1a®OF + l12(s, lp)ds
A X

IA

2 2 p p
Clalliz + l1zll ;2 + llally + 12l p)

IA

C(M;(m)? 4+ My (m)? + M (m)? + My (m)?)

A

CE + 6" < 1% min(1, &),

provided C(e + ¢P~') < 1/10. Here, we have used that (co, p) is
a KG admissible pair and hence ||z||L?cL§ < M, (m).

4.2. Estimating M ()

The quantity M, () has two components. Firstly, we estimate

. 1 z
Slgpla(t)l = S QAL I+ L)

1 t
+Lsup / e~ |(E(m(s)). ¥)[ds
0

20 t
1 o0
+Lsup / eI (E(m(s)), v)|ds.
20 t t

From (36) and the estimates for My (), it follows

1
sup a(6)] < b6 + <= + — sup | (F(m(s). V)|
t (o s

C
< 86 +e/10+ — (M, (m)* + My (m)?
+M;(m)P + M(m)P) < ¢,

provided § < 1/2 and C(2e + 2¢P~1) < o2/4. This takes care

of the term in M; (/) that contains ||d||;~. We now need to show

estimates on the integrability of a. This depends on the dimension.
For d = 3, 4, we have by Hausdorf-Young’s inequality

[e¢]
lally < (ifill +Ih|)/ e '7dt
0

1
+ leef""‘ It [1{F (m(s)), ¥l 1

1 e
< —— (8¢ + — min(1, )
_min(l,o)<8+10 in(1, o)
o0

1
t 352 ; [{F(m(s)), ¥r)|ds.

We need to apply (33) more judiciously, in order to fit the setup
for the contraction argument. Namely, sincep < 14 4/(d — 2) <
2d/(d — 2), we bound By Hélder’s inequality

[(F(m(s)), ¥)| < C(la@)[* + |1z, ')”iz{d/(d—z) + la(s)?

14
+ llz(s, ')”LZd/(d—Z))-
X

It follows that
o0
[{(F(m(s)), ¥)|ds < C(Ilallfz + llall®s + 1zl 2/
0 t L 2Ly
+121°, 240a-2)-
P24/

[t remains to observe that since (2, 2d/(d —2)), (p, 2d/(d —2)) are
KG admissible

lallz, llallp < Mi(m) < &
IZll 2 20/@-2), 1Zll p,20/@-2) < Ma(m) < €.
t X (i d

All in all, we have shown that

~ & .
Il < (8¢ + 5 min(1,0)) + € (267 + 269),

min(1, o)

and hence it suffices to require § < min(1, 0)/2 and C,(2e +
2eP7 1) < &/4 in order to conclude that

My (m) = max([lallge, llally) < e.
For d = 2, we use the bound (33) to derive
[(F(m(s)), ¥)| < C(las)* + la) P + [1z6s, )75 + 126, )17,

whence

- 00 1/2
lallz < (Wil + 1D ( / e,Zt,,dt)
0

1
by le™ It 14 (m(s)), ¥l ll,2

£
< —— |(d¢ —minl,o) C(|lal|?
< min(l,o)( + 25 min(1.0)) + C(lal
p 2 p
1l + N2l + 120,

Now, since (4, 4) and (2p, p) are KG admissible’,
llallg llall2p < Mi(m) < &
12l 30, 12l 2, < Ma(m) < 6.

This implies, by requiring § < min(1, )/2 and C, (2¢ 4 2¢P™") <
&/4 that M;(m) < ¢ in the case d = 2 as well.

4.3. Estimates on M;(im)

The estimates for z go through the Strichartz estimates of
Lemma 3, more precisely, (31) and (32).

In the case d = 3, 4, we have
N2 o g2 g2y 217020702

< C|l cos(t/H) Py fi

LfOHZQLZW)?/Z’”d'Zd/(d’Z)
sin(t+/ #)
71){1[.]‘2
V H L?cHszzwf/z—l/d.Zd/(d—Z)
Esin((t — s)v/#)
—PGC(W)
0 N H

x [F(m(s))]ds
LoH2NL2 W3/2—1/d,2d/(d—2).

=< C(”(f]sz)"Hz(Rd)xH1(Rd) + ”F”L}HX‘)

7 Here we have usedp > 1+4/d =3ford = 2.
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By (33) and (34), we see that
1Pl + I9F gz < CClaly + iy + 120, 2o

—1 —1

+ ”Z”prZp) + C(”a”lzpq I1Vzlljoop2 + ||VZ||,_2,_)2(4/(d*2> ”Z“iz(p—l)’_(p—l)d)'
t =X t t X

Again, our old arguments apply (recall p > 2) to see that

lallz. lallp-1. llally = Mi(m) <&

and

12l 2 p20/@-2 < Ma(m) < e.

However, the norms ||z| p 2, ”Z”Lz(pfl)L(p—l)d cannot be controlled by
tX t X

M, (m), unless (p, 2p), 2(p — 1), (p — 1)d) are both KG admissible
pairs. Hence, we need to require the conditions
2 N d - d
p 2p 2
2 d d

2(p—1)+(p—1)d55

both of which are equivalent to p > 1+ 4/d. This is the only place
where this requirement appears. On the other hand, this exponent
naturally appears in the study of global solutions for Klein-Gordon
equations with small data, [17]. Clearly, since our setup is more
sophisticated than [17], it is expected that such a condition will be
necessary. Thus,

1zl p 205 1121l 261, p-1a < Mo (m),
whence

llz|| 1/2-1/d.2d/d-2) < C(8e + 262 + 2eP) < ¢,

LPH'NLZW,
ifCs <1/4,C(e + &P~ 1) < 1/4.

In the case d = 2, we use (32) with exponents ¢ = 7 = 4. We
have

”i”L[OOH)}nL?OWTO«]*Z/qO
< CUIG1 P g w2y xizwey + ||F”Lf/3wl/2~4/3(R2))'
By Gagliardo-Nirenberg and the pointwise estimates (33) and (34),

we have

1/2 1/2
F < ||F VF
Il ”Lf/3w1/2~4/3(R2) < ”LfBLfB Il ||L;1/3szl/3

IA

1
5 UIFll g3y 4 IVEl 473 272)

2 P 2 P
=< C(”a”L?/a + ||a||thtp/3 + ”Z||L§/3L3 + ||Z||L;tp/3l_ﬁp/3)

p—1

192l ez N5+ 1V e 1207y -

Observe that the condition p > 3(= 1+ 4/d) implies that 4p/3 >

4(p—1)/3 € (2, 00) and (4p/3, 4p/3), (4(p — 1)/3,4(p — 1)) are
KG admissible pairs (in 2 spatial dimensions) and hence

llall,sr3, llall 43, llall a3 < Mq(m);
t t t
||VZ||L?OL§7 ||Z||,_;1p/3L;lp/3» ||Z||L4(p71)/3l_§(13*1) < My(m);
Allin all,
5 2
”z”LfOH,}mLfOWFZ/quo < C(8e + & +¢&P),

whence M, () < e, provided C§ < 1/4, C(e + &P~1) < 1/2.
So far, we have established that A Bx(¢) — Bx(e) for
appropriately chosen ¢ and §, so that || (fi, f2) l|y2«y1 < deind =2

and || (f1, o) llg1x2 < deind = 3, 4 respectively. Regarding the
contractivity of the map in the same space, it will suffice to run
the same argument with all the estimates for F(m) replaced by
appropriate estimates for F(m;) — F(m,). The situation is similar
to the proof of (22), so we omit the details.
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