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(1) (50 points) Let f 6= const. be an entire function, that is a holomorphic func-
tion in the whole complex plane. Assume that L = lim infz→∞ |f(z)| > 0.
Show that f vanishes somewhere in C. This is an extension of the fundamen-
tal theorem of algebra.
Hint: Assume for a contradiction that f does not vanish and consider
g = 1/f .

(2) (50 points) Let f be a holomorphic function in D(0, 1) \ {0}. Prove that if
0 is an essential singularity for f , then it is an essential singularity for ef as
well.
Hint: Use Casorati-Weierstrass for f to rule out removable or pole options
for ef .

(3) (50 points) Let f : C → C is an entire function. Show that f(C) is dense in C.
That is, for each w ∈ C and for each ε > 0, there is z, so that |f(z)− w| < ε.

(4) (50 points) Let 0 < a. Show that there is no holomorphic function f in the
punctured neighborhood {z : 0 < |z| < a}, so that f 2(z) = z.

(5) (50 points)
Let f : D(0, 1)→ C be a holomorphic function on D(0, 1), with
supξ:|ξ|≤1 |f(ξ)| ≤ 1. Show that for every z : |z| < 1, there is the bound

|f ′(z)| ≤ 1

1− |z|
.

Hint: Recall

f ′(z) =
1

2πi

∮
|ξ−z|=r

f(ξ)

(ξ − z)2
dξ,

whenever D(z, r) ⊂ D(0, 1).

(6) (50 points)
Let f be holomorphic in D(0, 1) and |f(z)| ≤ 1. Show that |f ′(0)| ≤ 1.
Hint: Use the representation

f ′(0) =
1

2πi

∫
|ξ|=r

f(ξ)

ξ2
dξ,

for any 0 < r < 1, which follows from the Cauchy formula.


